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Abstract. For the analytic function f{z), H. Shiraishi and S. Owa (Stud. 
Univ. Babe§-Bolyai Math. 55(2010), 207-211) have shown a theorem for the 
minimum value of \f(z)\. In this paper, we discuss an application of this 
theorem and some corollaries. 



1. Introduction 

Let the set of U be the open unit disk {z e C : |z| < 1}, and let 'H[ao,n] denote 
the class of functions p{z) of the form 

oo 

p{z) =00 + ^ flfez'' 

k—n 

which are analytic in U for some ag G C and a positive integer n. 

The basic tool in the proof of our results is the following lemma due to H. 
Shiraishi and S. Owa 1^. 

Lemma 1. Let p{z) £ ■H[ao,n] with p{z) ^ for all z G U. // there exists a 
point zq G U such that 



the 



min \p{z)\ = \p{zo)\, 



zop'izo) 

= —m 



where 



m ^ n 



p{zo) 



P[za) 



|ao-p(zo)P ^ |ao| - |p(^o) 



|aoP-|p(zo)12 - |ao| + b(zo)l 
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2. Main theorem 



Applying Lemma [TJ we derive 



Theorem 1. Let the function f(z) given by 

f(z) - a„z" + a„+,z"+' + a„+i+iz"+'+i + 



(a„,a„+; ^ 0) 



be analytic in U and f(z) =/= for z G U \ {0}. // there exists a point zq E V \ {0} 
such that 



then 



and 



where 



min |/(z)| = l/(zo)|, 



zof'izo) 



fizo) 



\ f [zo) J 



^ |a„Zo"-/(zo)P > \anzS\-\f{zo)\ 
\anzh'\'^\f{zoW = \anzS\ + \f{zo)\- 



(1) 

(2) 



Proof. We define the function p(z) by 

/(^) 



a„ + a/z' + a;+iz'+"'" + . . . . 



Tfien, p{z) e H[an,^] and p(0) — a„ 7^ 0. Furtliermore, by tlie assumtion of the 
theorem, \p{z)\ takes its minimum value at z = zq in the closed disk |z| ^ |zo|. It 
follows from this that 

min \f{z)\ 

\P[zo)\ = I |„ = p-f;;^ = mm p z) . 

Therefore, applying Lemma [T] to p(z), we observe that 
zoP'izo) zof'{zn) 



p{zo) fizo) 



n — —TO 



which shows (HJ and 



Re£2^ + l = Re 



-n- 1 



2^ + l-,A 



1 — 



fizo) 



zof'izo) I 

n~m /„ znf'fzn) \ 

Re^^-i-^ + 1 - n 

m \ fizo) J 



> 



-TO 
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which implies ([2]), where 

> \an~p{zo)\'^ ^ ■ \anZo - f{zo)\'^ ^ , la^^gl - |/(^o)| 

= |a„P - \p{zoW WnzSl' - \fizoW = + \f{zo)\ ' 

This completes the assertion of Theorem [T] □ 



Letting / = rt in Theorem [TJ we obtain 



Corollary 1. Let the function f{z) given by 

f{z) = a„z" + a2„z^" + a2«+iz^"+^ + . . . (a„, a2„ ^ 0) 

he analytic in U and f{z) =/= for z G U \ {0}. // there exists a point zq E V \ {0} 
such that 



then 



min |/(z)| = l/(zo)|, 

\z\^\zo\ 

zof'izo) 



fizo) 



= 71 — 771 < 



where 



f [zo] 

> |Qnzff-/(zo)P > ^ |a^jz£M/(fo)l 



Moreover, putting n — 1 and a„ = 1 in Theorem[Tl we get the following corollary 



due to M. Nunokawa and S. Owa j3j. 



Corollary 2. Let the function f{z) given by 

f{z) = z + a;+iz'+i + ai+2Z^+^ + ... {ai+i ^ 0) 

he analytic in U and f{z) =/= for z G U \ {0}. // there exists a point zq G U \ {0} 
such that 



then 



and 



where 



min |/(z)H|/(zo)|, 
zof'izo) 



fizo) 



1 - 777 < 



f [Zq) 



^ |zo-/(zo)P > \zo\-\f{z,)\ 
= \zo\^-\f{zoW = \zo\ + \f{zo)\' 
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